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Depth and Stanley depth of the edge ideals of
the powers of paths and cycles

Zahid Igbal and Muhammad Ishaq

Abstract

Let k be a positive integer. We compute depth and Stanley depth
of the quotient ring of the edge ideal associated to the k' power of
a path on n vertices. We show that both depth and Stanley depth
have the same values and can be given in terms of £ and n. If n =
0,k +1,k+2,...,2k(mod(2k + 1)), then we give values of depth and
Stanley depth of the quotient ring of the edge ideal associated to the
k" power of a cycle on n vertices and tight bounds otherwise, in terms
of n and k. We also compute lower bounds for the Stanley depth of the
edge ideals associated to the k" power of a path and a cycle and prove
a conjecture of Herzog for these ideals.

1 Introduction

Let K be a field and S := K|[zy,...,x,] the polynomial ring over K. Let M
be a finitely generated Z™-graded S-module. A Stanley decomposition of M
is a presentation of the K-vector space M as a finite direct sum D : M =
®;_, v, K[W;], where v; € M, W; C {z1,...,2,}, and v; K[W;] denotes the
K-subspace of M, which is generated by all elements v;w, where w is a mono-
mial in K[W;]. The Z"-graded K-subspace v;K[W;] C M is called a Stanley
space of dimension |W;|, if v; K[W;] is a free K[W;]-module, where |W;| de-
notes the cardinality of W;. Define sdepth(D) = min{|W;| : i« = 1,...,s},
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and sdepth(M) = max{sdepth(D) : D is a Stanley decomposition of M}.
The number sdepth(D) is called the Stanley depth of decomposition D and
sdepth(M) is called the Stanley depth of M. Stanley conjectured in [24] that
sdepth(M) > depth(M) for any Z"-graded S-module M. This conjecture was
disproved by Duval et al. in [8] as was expected due to different nature of these
two invariants. However, the relation between Stanley depth and some other
invariants has already been established; see [11, 12, 21, 26]. In [11], Herzog,
Vladoiu and Zheng proved that the Stanley depth of M can be computed in
a finite number of steps, if M = J/I, where I C J C S are monomial ideals.
But practically it is too hard to compute Stanley depth by using this method;
see for instance, [2, 5, 15, 16]. For computing Stanley depth for some classes
of modules we refer the reader to [14, 20, 22, 23]. In this paper we attempt to
find values and reasonable bounds for depth and Stanley depth of I and S/I,
where [ is the edge ideal of a power of a path or a cycle. We also compare the
values of sdepth(I) and sdepth(S/I) and give positive answers to the following
conjecture of Herzog.

Conjecture 1.1. [9] Let I C S be a monomial ideal then sdepth(l) >
sdepth(S/I).

The above conjecture is proved in some other cases; see [13, 16, 20, 23]. The
paper is organized as follows: First two sections are devoted to introduction,
definitions, notation, and discussion of some known results. In third section,
we compute depth and Stanley depth of S/I(PF), where I(P¥) denotes the
edge ideal of the k" power of a path P, on n vertices. Let for ¢ € Q, [q]
denotes the smallest integer greater than or equal to q. Then in Theorems 3.8
and 3.14 we prove that

n
2k+1

depth(S/I(PF)) = sdepth(S/I(P*)) =T 1.

Let I(C¥) be the edge ideal of the k" power of a cycle C,, on n vertices.
In fourth section we give some lower bounds for depth and Stanley depth of
S/I(Ck); see Theorems 4.5 and 4.7. If n > 2k + 2, then by Corollaries 4.6 and
4.8 we prove that if n = 0,k +1,...,2k(mod(2k + 1)) then depth(S/I(CF)) =
sdepth(S/I1(Ck)) = [5n51 ] Otherwise,

gp )~ L < depth(S/T(CF).sdepth(S/I(CY)) < [

[

1.

Last section is devoted to Conjecture 1.1 for I(P¥) and I(CF). By our Theorem

5.2 we have
n

sdepth(I(PY)) > [ 3"~

1+1,
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which shows that I(PF) satisfies Conjecture 1.1. Let n > 2k + 1. Proposition
5.3 gives a lower bound for I(C¥)/I(PF) that is

n+k+1

sdepth(I(CE)/1(PR)) > [ 2% + 1

1.

Corollary 5.5 of this paper proves that I(C¥) satisfies Conjecture 1.1.

2 Definitions and notation

Throughout this paper m denotes the unique maximal graded ideal (x1, ..., x,
of S. We set Sy, := K[z1,22,...,2Zm], supp(v) := {i : z;|v} and supp(]) :=
{i : x;|u, for some u € G(I)}, where G(I) denotes the unique minimal set of
monomial generators of the monomial ideal I. Let I C S be an ideal. Then
we write I instead of IS. Thus every ideal will be considered an ideal of S
unless otherwise stated. Let I and J be monomial ideals of .S, then for I + J
we write (I, J).

We review some notation and refer the reader to [3] for further details.
Let G be a simple graph. For a positive integer k, the k" power of graph G
is another graph G* on the same set of vertices, such that two vertices are
adjacent in G¥ when their distance in G is at most k. In the whole paper we
label the vertices of the graph G by 1,2,...,n. We denote the set of vertices
of G by [n] := {1,2,...,n} and its edge set by F(G). We assume that all
graphs and their powers are simple graphs. We also assume that all graphs
have at least two vertices and a non-empty edge set. For a graph G, the edge
ideal I(G) associated to G is defined as I(G) := (z;z; : {i,j} € E(G)). For
n > 2, a graph G is called a path if E(G) = {{i,i+ 1} : i € [n —1]}. A
path on n vertices is denoted by P,. For n > 3, a graph G is called a cycle if
EG)={{i,i+1}:i€[n—1]}U{l,n}. A cycle on n vertices is denoted by
C,. For n > 2, the k' power of a path, denoted by P, is a graph such that
forall1 <i<j<mn,{ij}e€EPYifandonlyif 0 <j—i<k Ifn<k+1,
then P¥ is a complete graph on n vertices. If n > k + 2, then

EPH =u - {{i, i+ 1}, {0+ 2}, (i, i + kU
Ui e {3+ 150 +2) . Gond )
For n > 3, the k" power of a cycle, denoted by C¥, is a graph such that for all
vertices 1 <1i,j <n, {i,7} € E(CF) if and only if |j —i| < k or |j —i| > n—k.
If n < 2k + 1, then CF is a complete graph on n vertices. If n > 2k + 2, then

E(CE) = B(PH)uU_ {{l,1+n—k}, {1, l4+n—k+1}, {I,l4+n—k+2},..., {l,n}}.
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For examples of powers of paths and cycles see Figures 1 and 2.
If n < k+1, then I(PF) is a squarefree Veronese ideal of degree 2. If n > k+2,
then

S(I(PF)) = Ul {miwit1, wiTiga, - . 2iTipn JU
U?:_i—k-‘rl {SCjIj+17 LjTj42y--- ,IZ?jl‘n}.

If n < 2k + 1, then I(CF) is a squarefree Veronese ideal of degree 2. If
n > 2k + 2, then

S(I(CE) = SU(PY) U U {Z1@ 1 ks BT gm—kt 1, - - - Tin }

Figure 2: From left to right, C3, and C{, respectively.

k(k+1
Lemma 2.1 ([17, Lemma 3]). If n >k + 1, then |S(I(P*))| = nk — %
Remark 2.2. If n > 2k + 1, then |§(I(C¥))| = nk.

Let G be a graph and i € [n], then Ng(z;) = {z; : z;z; € §(I(G))},
where j € [n]\{i}. For k >2,0<i<k—1andn > 2k+2, let Ay_j_1,
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Ap—k+i, Bn—k+i and Dy, _g1; denote the monomial prime ideals of S, such
that An,k,]_ = (0)7 An7k+i = (xn7k7xn7/€+17 v 7xn7k+i)7
Bp_pyii=(zj: 2, € Npk (Tn—kti))
= (Ccn—2k+i7 Tn—2k+itls- -+ Tn—kt+i—1, Tn—k+itly-- - l‘n),
and Dy = (xj 1xj € Now (xn,kﬂ-)). Thus if 4 = 0, then

ank‘+’i — (xn72k7 xn72k+17 ooy Tn—k—1, xnkarla .o 7xn)

and if 1 <7<k —1, then

ankJri = (xn72k+i7 Tp—2k+it1ly-+ -y Tn—k+i—1,Tn—k+itly---3Ln, L1y ,fi)'

These monomial prime ideals and the following function play important role
in the proof of our main theorems. For £ > 2 and 2k +2 < n < 3k + 1, we
define a function

f:in—kn—k+1,...,n—k+i,...,n—1} — ZT U {0}, by

[k ifn—2k—14i>k+1;
f(n—k+z)—{n2k2+i, if 2<n—-2k—1+i<k+1

In the following we recall some known results that we refer several times in
this paper.

Lemma 2.3 (Depth Lemma). If0 — U — M — N — 0 is a short exact
sequence of modules over a local Ting S, or a Noetherian graded ring with Sy
local, then

1. depth M > min{depth N,depthU}.
2. depth U > min{depth M,depth N + 1}.
3. depth N > min{depthU — 1,depth M }.

Lemma 2.4 ([23, Lemma 2.2]). Let 0 — U — V — W — 0 be a short
exact sequence of Z"-graded S-modules. Then

sdepth(V) > min{sdepth(U), sdepth(WW)}.

Lemma 2.5 ([13, Lemma 3.3]). Let I C S be a squarefree monomial ideal
with supp(l) = [n] and v = xz;, 24, - - x;, € S/I such that xz;v € I for all
J € [n]\supp(v). Then sdepth(S/I) <gq.

q

The above Lemma can also be seen as an immediate consequence of the
result of J. Apel [1, Sec.3].
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3 Depth and Stanley of cyclic modules associated to the
edge ideals of the powers of a path

We start this section with some results. These results are essential for com-
putations of depth and Stanley depth of S/I(PF).

Lemma 3.1. Let a > 2 be an integer, {F; : 1 <i<a} and {G; :0<i < a}
be some families of Z™-graded S-modules such that we have the following short
exact sequences:

0—F — Gy —G1 —0 (1)
0—> Fy— Gy —» Gy — 0 (2)
0—FE, 1 —Gu90—Ge1 —0 (a—1)
0—FE, —Gg1 — G, —0 (a)

and depth(G,) > depth(E,), depth(E;) > depth(E;_1) for all 2 < i < a.
Then depth(Go) = depth(Er).

Proof. By assumption, we have depth(G,) > depth(E,), applying Depth
Lemma on the exact sequence (a) we get depth(G,—1) = depth(E,). We
also have by assumption

depth(G,—1) = depth(E,) > depth(E,_1).

By applying Depth Lemma on the exact sequence (a—1) we have depth(G,—2) =
depth(E,_1). We repeat the same steps on all exact sequences one by one from
bottom to top and we get depth(G;_1) = depth(E;) for all &. Thus if i =1
then we have depth(Gg) = depth(E). O

Lemma 3.2. Let k > 2 and n > 2k + 2. Then
S/(I(Prlf)a An71> = Snfkfl/I(Pylf,kfl)[l'n].
Proof. Since

9(I(P7{f)) = U?;lk{xi$i+1, TiLi42y .. ,mixi+k}u

n—1
Ui:n—k—i—l {$i$i+1, TiLi42y .- 71'1'.’En},
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so we have

I(P¥) 4+ An_1 = Ana+

n—2k—1 n—k
E (T3%ig1, TiTiga, o\ TiTiyr) + E (TiTig1, TiTiga, - TiTigp)+
i=1 i=n—2k
n—1 n—2k—1
> (@iig1, TiTiga, .- 7xixn)} = > (@@, Tiiga, . TTipk)+
i=n—k+1 i=1
n—k—2
Z k
(357;1'2'4_1, TiLi42y .- ,xixn_k_l) —+ An—l = I(Pn—k—l) + An—l-
i=n—2k
Thus the required result follows. O

Lemma 3.3. Let k>2,0<i:<k—1andn >3k+2. Then
S/I(PF) s wpkgi) = Speon—14i/ T(PF o110 ki)

Proof. 1t is enough to prove that (I(P¥) : @p_p4:) = (I(PF_g1_1.:), Bakti)-
Clearly
I(Py_sp_14:) C I(PY) C (I(Py) : & pori)-

Let uw € B,_jyi, then by definition of I(P¥), ur, r.; € I(PF¥) that is
w € (I(P¥) : mp_gyi). Thus B, pyi C (I(PF) : 2, _pyi) and we have
(I(P¥_g_14s)s Bnoiti) € (I(PF) : @p_4:). Now for the other inclusion, let
w be a monomial generator of (I(PF) : x,,_x1;), then w = Jedto ) Where
v € G(I(PF)). If supp(v) N G(Bp_k1:) # 0, then we have w € G(B,,_x1;) and
if supp(v) N G(By_k1i) = 0, then w € G(I(PF)) N K[x1, 29, ..., Tn_2k_14i] =
SU(PY_sx-144)): O

Lemma 3.4. Letn >3k+2 and 0 <i <k — 1, then we have
S/I(PY), Ap—ki(i-1))  Tnbi) = Sn—ak—14i/T(Pr_op_144) [Tn—ri)-

Proof. As ((I(PF), Ap—is(i-1)) : Tnkti) = (L(PF) : @n_ti), Apiri1))-
Now using the proof of Lemma 3.3 we obtain

((I(Pr]f) : xn—k+i)7An—k+(i—1)) =
(I(PTILC—Zk—l—H‘)v ankJria An—k+(i—1)) = (I(Pr’f—2k—1+i)a ankJri),

as Ap_p4(i—1) C Bn—k+i- Thus the required result follows by Lemma 3.3. [



DEPTH AND STANLEY DEPTH OF THE EDGE IDEALS OF THE
POWERS OF PATHS AND CYCLES 120

Remark 3.5. Let m > 2 and I(P" 1) C S,, = K[z1,22,...,2,] be the
edge ideal of the (m — 1)*" power of path P,,. Then I(P™~!) is a squarefree
Veronese ideal of degree 2 in variables x1, 3, ..., Zm,. Thus by [10, Corollary
10.3.7] and Theorem 3.9

depth(S,,,/I(P7~")) = sdepth(S,,/I(Pn~")) = 1.
Remark 3.6. Let £ > 2 and 2k + 2 < n < 3k + 1, then it is easy to see that
(1) If n = 2k + 2, then
S/([(P:) C k) = S/(Xay o Bk 1, Tkt 1y - -, Tn) = K21, Tpg]-
(2) f0<i<k—1and n>2k+2, then

S/(I(P,’f) P Tpokyi) = S/((I(Pvlf)a An—k-i—(i—l)) DT ki)

~ —k+i
> Sy o1/ TP ) 2]

Sn72k71+i/I(P7’~f_2k_1+i)[xnfk%»i]a ifn—2k—1 +14 > k+ ].;
Sn,gk,1+i/I(P£:22::12:ii)[xn,kH-L otherwise.

We recall a lemma from [11] which is heavily used in this paper.

Lemma 3.7 ([11, Lemma 3.6]). Let J C I be monomial ideals of S, and
let T = Szpy1] be the polynomial ring over S in the variable x,11. Then
depth(IT/JT) = depth(I/J) + 1 and sdepth(IT/JT) = sdepth(I/J) + 1.

Theorem 3.8. Let n > 2. Then depth(S/I(PF)) = [org |-

Proof. (a) If n < k+ 1, then I(PF) is a squarefree Veronese ideal thus by
Remark 3.5, depth(S/I(PF)) =1= (o |-
(b) For n > k + 2, we consider the following cases:

(1) If k = 1, then by [18, Lemma 2.8] we have depth(S/I(P,)) = [%] =
[ong |-

(2) Ifk > 2and k+2 < n < 2k+1, then we get depth(S/I(PF)) > 1 as
m ¢ Ass(S/I(PF)). Since x441 ¢ I[(P¥) and 2511 € G(I(PF)) for
all s € {1,...k, k+2,...,n}, therefore we have (I(PX) : z4,,) =
(x1,... Tk, Tpy2, ..., Ty,). By [23, Corollary 1.3], we have

depth(S/I(P})) < depth(S/(I(Py) : x+1))
= depth(S/(x1,... Tk, Tpt2,...,Tpn)) = 1.

Thus depth(S/I(PF)) =1= =t
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(3) For k >2,2k+2<n<3k+1and 0 <i<k—1, consider the
family of short exact sequences

0— S/((I(P)), Ap_kt(i=1)) * Tr—kti) Enoki,
S/(I(P7]L€)7An7k+(i71)) — S/(I(Py{f)a ATL—k‘-‘ri) — O

By Lemma 3.2, S/(I(P¥), Ay—1) = Sp_k—1/I(P*_,_,)[x,]. Since
we are considering the case 2k + 2 < n < 3k + 1 which im-
pliesthat k+1 <n—k—-1<2k. If n—k—1=Fk+ 1 then
Sn,k,l/I(Pff_k_l) = Sk+1/I(P;f+1), by Remark 3.5 and Lemma
3.7 we have depth (S/(I(P¥),Ap—1)) =2.Ifk+1<n—k—-1<
2k, then by case(b)(2) depth(S,—x—1/I(P*_, ;)) = 1. Thus by
Lemma 3.7 we have depth (S/(I(PF), A,—1)) = 2. Now we show
that depth (S/(I(PF) : 2,—x)) = 2. For this we consider two cases:
If n = 2k + 2, then by Remark 3.6

S/I(PY) : wnt) =

S/(T2, @3, s Tpk—1, Tkt 1y - - - Tn) = K[T1, Zp_i],

and thus depth (S/(I(PY) : 2n—k)) = 2. If n > 2k + 2, by Remark
3.6 we have

S/(I(PF) : @n-r) = Sn—on—1/1(P}=3 " Dwn—k],

where 2 < n — 2k — 1 < k. Thus by Remark 3.5 and Lemma 3.7
we get depth (S/(I(PF) : @p,—x)) = 2. Now for 1 <i < k—1, by
Remark 3.6 we obtain

S/(P), An-ret (1))  Tnokri) = S/L(PF)  Tn—kts)
~ n—k+i
> Spak—141/T(PL T ) k).
— , f(n—k+i) , . }
Let T := Spop—14i/1(Py 51 1) [®n—k+i]- We consider the fol
lowing cases:
(i) fk+1=n—2k—1+i, then T = Siy1/I(PF, ) [#n—ki], thus
by case(a) and Lemma 3.7 we have depth(T") = 2.

(11) For k+1 < n—2k—1+14,T = Sn—2k—1+i/I(P7]fok71+i)[xn—k-i-i}-
Since k +2 <n—2k—1+1i <2k — 1, thus by case(b)(2) and
Lemma 3.7 we have depth(T") = 2.
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(iii) T2 <n—2k—1+i<k+1, then
T = Sn,gk,lﬂ/I(P::;,f:fL’)[xn,kﬂ-}, by Remark 3.5 and
Lemma 3.7 we have depth(T") = 2.

Thus by Lemma 3.1 we have depth(S/I(P¥)) = 2.

(4) For k > 2, n>3k+2and 0 < i < k — 1, consider the family of
short exact sequences

0— S/((I(PR), An—ks(i-1)) * Tnkti) Enohiy
S/(I(PTI;:)7 An—k+(i—1)) — S/(I(Pr’f)v An—k+i) —0
By Lemma 3.2, S/(I(P¥), An_1)) = Sp—p—1/1(P*_,_,)[zs]. Thus

by induction on n and Lemma 3.7 we have depth(S/(I(P¥), A,_1)) =

(nZ—kl;lw + 1. By Lemma 3.4 we have

S/(I(PR), At (i=1))  Tn—iri) = Sn—or—14/T(Py_op_144) [@n—ri]-

Thus by induction on n and Lemma 3.7 we have

n—2k—1+1

2k +1 1+

depth(S/((1(Py), Ap—k+(i-1)) * Tnok)) = [

Here we can see that

depth(S/(I(P¥), An_1)) = [%552] +1 >
[n — k-2

2k +1

and for all 1 <i<k-—1,

I+1= depth(s/(I(Pff)vAn—Q) CTn-1)),

depth(S/((I(Pff),An7k+(z‘71)) P Tpokri)) = (%ﬁlﬂ] +1=>

n—2k—-2+41 &
(%—Hh‘l = depth(S/((I(Py), An—k+(i-2)) * Tn—k+(i-1)))-
Thus by Lemma 3.1 we have depth(S/I(PF)) = [";,fjf} +1=
Presit
O

Let d € [n] and 1,4 := (u € S square free monomial : deg(u) = d).
Then I,, 4 is called squarefree Veronese ideal of degree d in the variables
Z1,%2,...,ZTy. Cimpoeas proved the following theorems:
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Theorem 3.9 ([5, Theorem 1.1]). (1) sdepth(S/I,4) =d —1.

(2) d < sdepth(ln,0) < 578 +d.

Theorem 3.10 ([7, Theorem 1.4]). Let M be a Z"-graded S-module. If
sdepth(M) = 0, then depth(M) = 0. Conversely, if depth(M) = 0 and
dimg (M,) =1 for any a € Z", then sdepth(M) = 0.

Lemma 3.11 ([25, Lemma 4]). Let n > 2, then sdepth(S/I(P})) = [%].
Example 3.12. Let n > 2, and n < 2k + 1, then sdepth(S/I(P¥)) = 1.

Proof. If n < k+1, then by Theorem 3.9 sdepth(S/I(P¥)) = 1. Now if k+2 <
n < 2k + 1, then depth(S/I(P¥)) > 1 as m ¢ Ass(S/I(PF)), thus by Theorem
3.10 sdepth(S/I(Pk)) > 1. Since wj41 ¢ I(PF) and 27441 € G(I(PF)) for all
i€ {1,...k,k+2,...,n}, therefore (I(P¥) : x.41) = (z1,. .. Tk, Thia, .- Tn)-
Thus by [4, Proposition 2.7] sdepth(S/I(P¥)) < sdepth(S/(I(P¥) : z441)) =
sdepth(S/(z1, ... Tk, Thy2,-- ., Tn)) = L. O

Proposition 3.13. Let k> 2 and n > 2k +2. Then
]
2k+1"

Proof. (1) If 2k+2 < n < 3k+1, then by applying Lemma 2.4 on the exact
sequences in case(b)(3) of Theorem 3.8 we get sdepth(S/I(PF)) > 2 =

[ort -

sdepth(S/I(P})) >

(2) If n > 3k+2, then the proof is similar to Theorem 3.8. We apply Lemma
2.4 on the exact sequences in case(b)(4) of Theorem 3.8 and obtain

sdepth(S/I(PF)) > min { sdepth(S/(I(P}), An—1)),

min {scdepth(S/((T(PE), Anpsin)  n i)} = 5

2k +1

1.
0

Theorem 3.14. Let n > 2, then sdepth(S/I(PF)) = =t

Proof. If k = 1, then the result follows by Lemma 3.11. Let k£ > 2. If
n < 2k + 1, then by Example 3.12 we have the required result. If n > 2k + 2,
then by Proposition 3.13 we have

n

2k—|—1]'

We need to prove that sdepth(S/I(PF)) < [ 55 |, for this we consider the
following three cases:

sdepth(S/I(Py)) > [



DEPTH AND STANLEY DEPTH OF THE EDGE IDEALS OF THE
POWERS OF PATHS AND CYCLES 124

(1) If n = (2k + 1)I, where [ > 1. We see that
U = Tp41T3k+2T5k+3 ** * T(2k+1)I—k € S\I(P}),

but z,v € I(PF) for all t; € [n]\ supp(v), thus by Lemma 2.5,

-
2k4+1"

sdepth(S/I(PF)) <1=

(2) If n = 2k + 1)l + r, where r € {1,2,3,...,k+ 1} and I > 1, then we
have

k
U = T 123k4 205643 T(2k41)1—k T (2k+1)i+r € S\ (P)),

and zy,v € I(PF) for all t5 € [n]\ supp(v), so by Lemma 2.5,

1.

h(S/I(PF) <1+1=[-——
sdepth(S/1(PF) < 141 =[5
(3) If n=(2k + 1)l + s, where s € {k + 2,k +3,...,2k} and | > 1, since

k
V= Ty 10364205643 T(2k41)i+k+1 € S\ (Py),

but z,v € I(PF) for all t3 € [n]\ supp(v), by Lemma 2.5, we get
1.

n

sdepth(S/1(Py)) <l+1=[ =

O

4 Depth and Stanley depth of cyclic modules associated
to the edge ideals of the powers of a cycle

In this section, we compute bounds for depth and Stanley depth of cyclic
modules associated to the edge ideals of powers of a cycle. In order to complete
the main task of this section we prove the following three lemmas.

Lemma4.1. Letk > 2 andn > 3k+2, then S/(I(CF), Ap—1) = Sp—x/I(P*_,).

Proof. Since S(I(Cﬁ)) = 9(I(P,’f))uuf:_11 {Z1T 14—k, Tkt 1y« -« LTy JU
{z12pn, X2y, ..., TkTy}, we have

I(Cﬁ) + A1 =
k—1

I(Prlf)'i_Z(xllernfka TITl4n—k+1y---> mlxnfl)'i_(mlxn; T2Tpy -y xkxn)'i_Anfl-
=1
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Thus by the proof of Lemma 3.2, we obtain I(P¥)+A,,_1 = I(P* , )+A,_1.
As

e

-1

(1T fm—tos TIT I pm—kg 1y - o LiTr—1) + Apo1 = Ap1.
1

Therefore S/(I(C¥), Ap—1) = S/(I(P*_, ), Ap—1, (2120, 2Ty . . ., ThTn))
> Klz1, 22, . .., Tpek—1, :cn]/(I(ij_k_l), (x120, T2Xy, - . . ,:ck:vn)).
After renumbering the variables, we have
Kz, ..., Zp_g—1, xn]/(I(ijfkfl), (X1Zp, T2,y - . . ,kan)) >~ S, »/I(PF ).
O
Lemma 4.2. Letk>2 andn>3k+2 and 0 <i <k —1, then
S/I(CR) = @n—pri) = Sn—zk—1/T(Py_op—1)[n—t+i]-

Proof. Let w be a monomial generator of (I(C¥) : x,_pyi). Then w =
m, where v € G(I(CF)). If supp(v) N G(Dy_k1:) # 0, then we have
w € §(Dy_pyi) and if supp(v) N G(D,_g1i) = O then w € E := §(I(CF)) N
K[Ii+1, Tig2y .- 7In—2k—1+i]- So we obtain (I(Oﬁ) : xn—k+i) C E+ Dn—k—i—i-
The other inclusion being trivial we get (I(C¥) : 2,,_x1;) = E+ D, _ji, which
further implies that S/(I(CF) : z,,_x1:) = S/(E+Dy_j4;). After renumbering
the variables, we have

S/UI(Cy) + @nkri) = S/(E, Dnopyi) = Spzi1/I(Py_gp_1)[@n—r+il.

Lemma 4.3. Letk>2,n>3k+2 and0<i<k—1. Then
S/(I(CR) Anki(i-1) * Tnkrs) = Snok—1/T(Py_gp_)[@n—psil-

Proof. As ((I(CR), An—ky(i-1)) * Tn—kti) = ((H(CF) : Tnpri), An_ki(io1))-
By using the same arguments as in the proof of Lemma 4.2 we have

((I(CF) : n—psi), An ks io1)) = (B Dy—ioriy An—iy(io1)) = (B, Dp—geti)
as Ap_py(i—1) C Dn—g4i- Thus the required result follows by Lemma 4.2. [
Corollary 4.4 ([10, Corollary 10.3.7]). Let 2 < d < n. Then

depth(S/1I} ;) = max{0,n — t(n — d) — 1}.
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Theorem 4.5. Let n > 3, then
depth(S/I(C*) = 1, if n<2k+1;
-k
depth(S/1(CE)) > [

2k+1
Proof. (a) If n < 2k+1, then I(CF) is a squarefree Veronese ideal of degree
2. Thus by Corollary 4.4, depth(S/I(Ck)) = 1.

1, i n>2k+2.

(b) For n > 2k + 2, we consider the following cases:

(1) If k = 1, then by [6, Proposition 1.3] depth(S/I(Cy)) = [251].
(2) If k > 2 and 2k + 2 < n < 3k + 1, then we have depth(S/I(CF)) >
1= [Q”k—_fl] as m ¢ Ass(S/I(CF)).

(3) For k> 2, n>3k+2and 0 <i<k—1, consider the family of short
exact sequences

0 — S/((I(CE), An—(i-1)) : Tnkti) ——
S/(I(CF), Ay (im1)) — S/(I(CF), Ap_jti) — 0

By Lemma 4.1 we have S/(I(C¥), A,—1)) = S,_/I(P*_,). Now by
Lemma 4.3, we get

S/((I(CR)s Ankr (1)) Tntri) = Snzp—1/T(Ph_gp_ 1) [En—t+i]-
By Theorem 3.8 and Lemma 3.7, we obtain

n—2k—1 n
— |+l = .

2k+1 I+ |—2k + 1-|
Again by Theorem 3.8, we have depth(S/(I(C¥), A,,_1)) = fﬁ] Thus
by applying Lemma 2.3(1) on the family of short exact sequences we get

depth(S/1(C})) > 351,

depth(S/((1(C}), An—rr(i—1)) : Tn—k+i)) = [

O

Corollary 4.6. Letn > 3, If n > 2k + 2, then

depth(S/I(CF)) = [2k”+ o i n=0.k 41, 2k (mod(2k + 1));
(2];:_ 1] — 1 < depth(S/I(Cy)) < (ﬁ% if n=1,...,k(mod(2k + 1)).

Proof. By Theorem 4.5, it is enough to prove that depth(S/I(CF)) < [o7T 1s
for k > 2 and n > 2k + 2. Since x,,_;, ¢ I(CF), thus by [23, Corollary 1.3] we
have depth(S/I(CF)) < depth(S/(I(C¥) : 2,,_%)). Now we consider two cases:
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(1) Let 2k +2 < n < 3k + 1, then S/(I(CF) : w,_x) = S/(I(P*) : z,_4)
so by the proof of Theorem 3.8 we have depth(S/(I(P¥):z, 1)) =2 =
[3n51 |- Therefore

depth(S/I(CE)) < depth(S/(I(CE) : wy)) =2 = [

(2) Let n > 3k + 2, then by Lemma 4.2,

S/(I(Cﬁ) P Tpk) = Snook— 1/I( 2 ok—1)[Tn—k]-
By Lemma 3.7 and Theorem 3.8, depth(S,,—2k—1/I(P* o, )[*n_k]) =

5] Thus depth(S/I(CY)) < depth(S/(I(CY) : 2n_r)) = [ 5 ].
O
Theorem 4.7. Let n > 3, then
sdepth(S/I(Ck)) = 1, if n<2k+1;
sdepth(S/I(CK)) > [ n—k 1, if n>2k+2.

2k+1
Proof. (a) If n <2k + 1, then sdepth(S/I(C¥)) = 1 by Theorem 3.9.
(b) For n > 2k + 2, consider the following cases:

(1) If k = 1, then by [6, Proposition 1.8] sdepth(S/I(C}l)) >

(2) If k > 2 and 2k + 2 < n < 3k + 1, then depth(S/I(C¥)
m ¢ Ass(S/I(CF)), thus by Theorem 3.10, sdepth(S/I(Ck
b=t

(3) For k >2,n>3k+2and 0 < i <k — 1, consider the family of
short exact sequences

[25+
) >
) > 1

)

0— S/((I(Ch), A, - k+(i— 1)) Tnkti) Bdaas
S/(I(CR) An—ki(i-1) — S/(I(C), An—pti) — 0.
By Lemma 4.1 we have S/(I(C¥), A,—1)) =& S,—/I(P*_,). Now
by Lemma 4.3, we get
S/((I(Cfr]i)vAnfk%»(zfl)) S Tpgyi) = Snook 1/]( n—2k— 1)[$n7k+i]~
By Theorem 3.14 and Lemma 3.7, we obtain
sdepth(S/((1(Ck), A, — kb(i=1)) : Tnokyi)) =

fn—2k— T41=T n
2k + 1 2k +1

I
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Again by Theorem 3.14, we have sdepth(S/(I(CF), A, 1)) = [%1 .

By applying Lemma 2.4 on the above family of short exact se-
quences we get sdepth(S/I(CF)) > [2’};’“1]

O
Corollary 4.8. Let n > 3, if n > 2k + 2, then
sdepth(S/I(C*)) = (%Z -, if n=0,k+1,...,2k (mod(2k + 1));
n n
-1< h(S/I(CF)) < f n=1,... 2k +1)).
(o — 1< sdepth(S/1(Cy)) < [gpmg 1 4f m=1,..., k (mod(2k + 1))

Proof. When k = 1, then by [6, Theorem 1.9], sdepth(S/I(CF)) < [%]. By

Theorem 4.7 it is enough to prove that sdepth(S/I(CF)) < [ongg ] for k> 2

and n > 2k + 2. Since x,,_j ¢ I(CF), thus by [4, Proposition 2.7] we have

sdepth(S/1(C)) < sdepth(S/(1(CY) : zn_1)).
Now we consider two cases:

(1) Let 2k +2 <n < 3k +1, then S/(I(CF) : 1) = S/(I(PF) : 2,_1) s0
by the proof of Theorem 3.14 we have sdepth(S/(I(PF¥) : z, 1)) =2 =
[3n51 |- Therefore

n

sdepth(S/1(CL)) < sdepth(S/(1(CE) : 2n-r) =2 = [ 3"

1.

(2) Let n > 3k + 2, then by Lemma 4.2
S/UI(CR) : n—r) = Snok—1/T(Py_op_1)[Tn—t]-

By Lemma 3.7 and Theorem 3.14, sdepth(Sn,gk,l/I(Pff_%_l)[mn,k]) =
[ﬁ} Thus sdepth(S/I(C¥)) < sdepth(S/(I(CF) : x,_1)) = ’—Trfu]

O

5 Lower bounds for Stanley depth of edge ideals of k"
powers of paths and cycles and a conjecture of Herzog

In this section we compute some lower bounds for Stanley depth of I(P¥) and
I(CF). These bounds are good enough to prove that Conjecture 1.1 is true for
I(PF) and I(CF). Let 0 <i <k — 1, define

R’I’L*kJr’L' = K[{$17 T2yewn 7xn}\{xn7k7 xn7k+17 .o 7xn7k+i}}
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and

ki = (25 0 5 € Npr(Tn ki) \{Tnbs Tnoktts - s T kg (i=1) })-

Thus R,,—k+; is a subring of S and B;%kﬂ- is a monomial prime ideal of S. Let
I CcZ=Kl[z;,zi,...,x;] be a monomial ideal and Z’ := Z[z;,11]. Then
we write [Z' = I[x; +1]. Now we recall a useful remark of Cimpoeas.

Remark 5.1. [/, Remark 1.7] Let I be a monomial ideal of S, and I' =

(I, Tpi1,Tpi2,- -, Tnym) be amonomial ideal of S = S[xy 11, Tni2, -\ Tontm]-
Then

sdepthg, (I') > min{sdepthg(I) + m,sdepthg(S/I) + [%W}

Theorem 5.2. Let n > 2, then sdepth(I(PF)) > 5251+ 1.

Proof. (a) If n < 2k + 1, then as the minimal generators of I(P¥) have de-
gree 2, by [15, Lemma 2.1] we have sdepth(I(PF¥)) > 2 = [ong] + 1

(b) For n > 2k + 2, if k = 1, then by [19, Theorem 2.3], sdepth(I(P})) >
n— 2%t =211+ 1> [2] + 1. Now for k > 2, we prove this result
by induction on n. We consider the following decomposition of I(PF) as
a vector space:

I(Py) =I(PY) N Ry ® 2p_i(I(P)) : 2p_i)S.

Similarly, we can decompose I(P¥) N R,,_j as follows:
I(PO)NRy— = I(PY)N Ryt ® -1 (L(PF)N Ry T ps1) R
Continuing in the same way for 1 <i < k — 1 we have

I(PY) N Rygeri = I(Py) N Ry gy i) @

T (i41) L(PEY N Ry T g (1)) R i

Finally we get the following decomposition of I(P¥):

I(PY =1(P)n R, 1@
O ks (LN Rk (-1 © Tnkpi) Bk i®Tn  (I(PY) : 1)
Therefore

sdepth(I(PF)) > min { sdepth(I(PF)NRy,—1),sdepth((I(PF) : z,_x)S),

k—1
Erlzi{l{sdepth((I(P,f) N Ry gt (im1) J;n_k+i)Rn_k+i)}}.
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AsI(PY)NR,—1 = S(I(P*_,_,))[zx], thus by induction on n and Lemma
3.7 we have sdepth(I(P*)NR,_1) > ]—"2_,6'1—11-\ +1+12> [55]+1. Now

we need to show that sdepth((I(PF) : z,_x)S) > [opgg | + 1 and

n

sdepth((I(ij) N Rn—k+(i—1) ST gegi) Rngg) > (2]9‘7—1—1

1+ 1

For this we consider the following cases:

(1) Let 2k +2 <n <3k+1. If n = 2k + 2, then (I(PF) : x,_1)S =
(T2y ooy Tpn—k—1,Tn—kt1,-- -, Tn)S, thus by [2, Theorem 2.2] and
Lemma 3.7 we have

n—2

2> 1.

2 1+22 |—2k—|— 1-‘ +

sdepth((I(PE) : 2, 1)8) = |
If 2k + 3 < n < 3k + 1, then by Remark 3.6, we get
(I(PE) : 2ui)S = (SU(P 5 0). B [r—s]
Since sdepth(I(Pr'fy;;f)l)) +19(By_)| > 2, by Remark 3.5 we have

_ S(Bp—
sdepth(Sy—opr 1(PL ) + [Pty 5 o

then by Remark 5.1, sdepth(Q(I(PT{y;;f)l)),Bn,k) > 2, and by

Lemma 3.7 we have sdepth((I(PF) : z,-)S) > 3 = longr | + 1.

Now since

(I(P,rlf) N Rnkar(ifl) : xnkari)Rnfk«H’) =
n—k+i
(S(I(PT{£21<:1FJr)i))a ’I/'L—k?-i-i)[xn_k"'i]'

So by the same arguments we have

n

sdepth((1(PY) N Ry_ji(i—1) : Tnkri) Rn_kti) > 3 = by 1

T+1.

(2) If n > 3k + 2, then by the proof of Lemma 3.3 (I(PF) : z,,_x)S =
(S(I(szckafl))v Bn—k)[xn—k] and

(I(PY) N Ry ki (i-1) © Tp—popi) R pys =
(S(I(Prlff2k71+i))v ;Lkari)[xn*k‘H]‘
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By Remark 5.1 we have

sdepth(S(I(P}_a1))s Bu—r) = min { sdepth(S(I(P}_a 1))+

S(Bn-
9B Aepth(S, o1 /TP _y)) + [Pt
By induction on n we have sdepth(S(I(P¥_,; ))) > ["5252] +
1= [5%5], and by Theorem 3.14, sdepth(Sy, —ox—1/I(P} 4, 1)) =

(5757 | — 1. Therefore sdepth(S(I(P* ., 1)), Bu_k) > [ongg | + 1.
Thus by Lemma 3.7 we have sdepth((I(PF) : z,,_x)S) > [opgg |+
Now using Remark 5.1 again, we get

Sdepth(g(I(Pvlf—2k—1+i))7 B} _jyi) =
min { sdepth(G(1(PX_oy_140))) + |9(B)x0)l

‘9(B’:L7k‘+i)|‘|}.

sdepth(Sn—sk—14i/1(Py_op_145) + [ 5

By induction on n we have sdepth(S(I(P¥_,,_,.,))) = (%;11“] +
1, and by Theorem 3.14 we have sdepth (S, —2k—14i/1(P¥_5,_1,,)) =

"M] . Therefore

2k+1
n—2k—1+1
sdepth(S((Py_op—144))s Br—iyi) > [%—H] + 1.
Thus by Lemma 3.7
n
sdepth((I(Py) N Rn o) & @neperi) Rni) 2 T 141

This completes the proof.

Proposition 5.3. Let n > 2k + 1, then sdepth(1(CF)/I(PF)) > (";ﬂfi”

Proof. When k = 1, then by [6, Proposition 1.10] we have the required result.
Now assume that k£ > 2 and consider the following cases:

(1). If 2k +1 < n < 3k + 1, then as I(CF) is a monomial ideal generated

by degree 2 so by [11, Theorem 2.1] sdepth(I(C¥)/I(P¥)) > 2 = [%’fll .
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(2). If 3k +2 < n < 4k + 1, then we use [11] to show that there exist
Stanley decompositions of desired Stanley depth. Let s € {1,2,...k}, js €
{1,2,...,k+1—s}and

.k k+1—s
L:=® ( Dj.=1 * xjsxn+1_sK|:xjs7xjs+k+17xn+1—s]>'

It is easy to see that L C I(CF¥)\I(P¥). Now let u; € I(C*)\I(P¥) be a
squarefree monomial such that u; ¢ L then clearly deg(u;) > 3. Since

I(CR)/I(Py) = L ®u, u; K[supp(u;)]

Thus sdepth(I(CE)/I(PF)) > 3 = [%2HL] as required.

(3). If n > 4k+ 2, then we have the following K-vector space isomorphism:

L(Cn)/1(Py) =

K[Zj) 4kt 1, Tjyth42, - -y Tnok—1]

k
Bj1=1Zj1 Tn ()1, 2n]®
(T3 +h+1T 41 +h4+25 Ty +k+1T51 +k43 - - - Tn—k—2Tn—k—1)
k—1 K(jp4 ki1, Tjoth+2, - - - Tn—2]
Djp=1 Lj2Tn—1 [0, Tn1]®
(Tjo b k1% 0 +h+2, Lo+ k1841 +h+35 - - Tn—k—3Tn—k—2)
5 Kjy k41 Tjy_q k425 - -+ Tn2p41]
Blip_1=1 Tjg_1 Tn—k+2 [Tj)_ 1 T kt2]®
(T g+ k1T Gy k425 -+ - » Tr—2kTr—2k+1)
K[mk+2, Lh+43y .- ,xn_gk}

-Tlxnf(kfl)( )[501’-Tn7(k71)]~

Tk+2Tk+3, Tk+2Tk+4y -+ -y Tn—2k—1Tn—2k
Thus
H(Cy)/1(Py) =

Oy (@?j:ll_sxjs Tnt1—s(Sjotrttn—s—i/(ST(PE)NS) 4kt 1,n—s—k) [T $n+1—s}),

where S, 4h+1,n—s—k = K[Zj,4k+1>Tjst+ht2s > Tns—k]. Indeed, if u € I(C¥) such
that u ¢ I(PF) then (z;,&ny1_s)|u for only one pair of s and js. If (2, Tni1s)|u
then u = x}sx‘z“,sv and v € Sj,+kt1,n-s—k. Since v ¢ I(PF), it follows that
v SUI(P)YN S vhr1,ns—k. Clearly

Sjetrttm—s—k/SI(PR)) N Sjuthttimn—s—t = Sn(ut2nts) /T (P tonts)-
Thus by Theorem 3.14 and Lemma 3.7, we have

_(Js+5+2k)

sdepth(I(CF)/I(PF)) > rﬁ{l{[” T 1+2}
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It is easy to see that max{js + s} = k + 1. Therefore

& b n—(3k+1) _n+k+1
sdepth(I(CA)/1(P)) = [P 2 E ) o = (2 IS
O
Theorem 5.4. Let n > 3, then
sdepth(I(CF)) > 2, if n<2k+1;
n—=k

sdepth(Z(Cy)) > |

1 if n>2k+o.
g1l T F =2k

Proof. (a) If n < 2k + 1, then as the minimal generators of I(C¥) have
degree 2, so by [15, Lemma 2.1] sdepth(I(CF)) > 2

(b) If n > 2k + 2, then consider the short exact sequence
0 — I(PY) — I(CE) — I(C})/I(PF) — 0,
by Lemma 2.4 we have
sdepth(1(C*)) > min{sdepth(I(PF)),sdepth(I(C¥)/I(P*))}.

By Theorem 5.2, sdepth(I(PF)) > [5z57 | + 1, and by Proposition 5.3,
we obtain sdepth(I(CF)/I(PF)) > [ = [2=E7] + 1.

O

Corollary 5.5. Let n > 3, if n < 2k + 1, then sdepth(I(CK)) > 2 =
sdepth(S/I(CK)) + 1. If n > 2k + 2, then

sdepth(I(C*)) > sdepth(S/I(CF)), if n=1,... k(mod(2k +1));
sdepth(I(CF)) > sdepth(S/I(CF)) +1, if n=0,k+1,...,2k (mod(2k +1)).
Proof. Proof follows by Corollary 4.8, Theorem 4.7 and Theorem 5.4. O
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